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The beams described in the problems for Section 9.4 have constant

flexural rigidity EI. Also, the origin of coordinates is at the left-hand y
end of each beam. M,
Problem 9.4-1 Derive the equation of the deflection curve for a A jB N
cantilever beam AB when a couple M, acts counterclockwise at the
free end (see figure). Also, determine the deflection &, and slope
6, at the free end. Use the third-order differential equation of the L \
deflection curve (the shear-force equation).
Solution 9.4-1 Cantilever beam (couple M)
SHEAR-FORCE EQUATION (EQ. 9-12 b). B.C.3 v(0)=0 ..C;=0
m M, x2
En" =V =20 p=-2
EN" =C, 2El
” , M().x
BC. 1 M=M, ENV'=M=M,=C, V—H
EV' =Cx+ C,=Mx + C, 5 . M ; -
BC2V(0)=0 .C,=0 p=v(l) = (upward)
M, x> M,L
Elv = %x + G 0 =Vv'(L) = % (counterclockwise) +—
(These results agree with Case 6, Table G-1.)
. TX
Problem 9.4-2 A simple beam AB is subjected to a distributed load 4=dqosm
of intensity ¢ = ¢, sin mx/L, where g, is the maximum intensity of
the load (see figure).
Derive the equation of the deflection curve, and then determine B
the deflection 6 at the midpoint of the beam. Use the fourth-order A —J *
differential equation of the deflection curve (the load equation). eXoXe)
L \
Solution 9.4-2 Simple beam (sine load)
LoAD EQUATION (EQ. 9-12 ¢). BC.3v0)=0 ..C,=0
- . TTX BC.4w(l)=0 .C;=0
EN" = —q= —q, smT 4
mX
= - q(z sin—
L X 7 El L
En" = %(7) cos— + C,
T L
—

L\ _ gl
6max = _V<*> =z
2 7 El

" LN? | mx
EDN" = g, - smf-l— Cx+ G,
B.C. 1 EWV'=M EN"(0)=0
B.C.2 EN'(L)y=0 ..C, =0

LN} X
El' = —q0<;> cos A + Gy

S Cy=0

L\* mx
Elv = _qO<; sin T + C3x + C4

(These results agree with Case 13, Table G-2.)
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Problem 9.4-3 The simple beam AB shown in the figure

. y
has moments 2M, and M|, acting at the ends. ‘ Ny
Derive the equation of the deflection curve, and then ‘ 0 M
determine the maximum deflection § __ . Use the third-order A B 0 .
differential equation of the deflection curve (the shear-force X =)
equation). oxexeX
| L |
Solution 9.4-3 Simple beam with two couples
. 3M, M,L
Reaction at support A: R, = A (downward) B.C.3vL)=0 .. C,=— )
Shear force in beam: V= —R, = o
ear force in beam: V= —R, = ——— M x M. x
L Vo= (L= 2Lx 4 00 =~ (L—x)?
2LEI 2LEI
SHEAR-FORCE EQUATION (EQ. 9-12 b M
Q (Q ) vr:_ O(L—x)(L—3x)
2LEI
EW" =V=—=—"=
MAXIMUM DEFLECTION
Y Myx
Eh" = — i3 + G Set v’ = 0 and solve for x:
L
B.C.1 EN" =M EN"(0)=2M, ..C,=2M, X =Landx, =~
M, x> . . L
El' = — + 2Myx + C, Maximum deflection occurs at x, = E
Myx® ) <L> 2M, L?
=— Opax = — VI | = downward)
Elv oL + Myx~+ Cox + Cs max v 3 TEI ( )
BC.2v0)=0 ..C;=0
. . . . . y
Problem 9.4-4 A simple beam with a uniform load is pin supported . q
at one end and spring supported at the other. The spring has stiffness
k = 48EI/L>. A - .
Derive the equation of the deflection curve by starting with A8E]
the third-order differential equation (the shear-force equation). k= "3
Also, determine the angle of rotation 6, at support A.
: |
Solution 9.4-4 Beam with a spring support
REACTIONS
.y
q
A B DEFLECTIONS AT END B
[ - x
k (_A8EL o Ry gL _ gL'
L " k2 96EI
qL
TRA =y .
_ 4
L \% Rp="3-
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SHEAR-FORCE EQUATION (EQ. 9-12 b) B.C.2v0)=0 ..C;=0
q gl*
V=RA—qx=E(L—2x) B.C. 3 v(L)=—63=—96EI
m o _ — g _
En" =Vv= > (L —2x) _ _5qL3
’ 96

El" = %(Lx — @)+ ¢
96EI

BC. 1 EN'=M EN'(0)=0 ..C, =0

X
v=— P snd tar)
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,_ 4q 3 2 3
=——(5L —24Lx + 16
gL’ ¥ "= o0 *)
ENV = (= -3+ G
22 3 , 5qL° :
Elv= E(E B L4> +Cx+C 0,=—v'(0) = 06E] (clockwise) <+
"Tole )T
Problem 9.4-5 The distributed load acting on a cantilever beam AB Y
has an intensity ¢ given by the expression g, cos mx /2L, where ¢, is ™
the maximum intensity of the load (see figure). 90 9=490¢0S 3,
Derive the equation of the deflection curve, and then determine
the deflection &, at the free end. Use the fourth-order differential
equation of the deflection curve (the load equation).
17
A B !
L \
Solution 9.4-5 Cantilever beam (cosine load)
LoAD EQUATION (EQ. 9-12 ¢) B.C.3Vv'(0)=0 .. ¢,=0
" X 4 3 2_x2
2L % o\~ ) cos5 - . - C,
EL" <2L> in— +C
V" = —gol — |sin—
D\ 7)Mo T 16g,L*
BC.4v0)=0 .. Cy= 1
T
2q,L
B.C.1 EN" =V EN"(L)=0 .. C = gL e
m v=——"7p (48L3 cos— — 4807 + 37 Lx* — 7T3x3> e
37°El 2L
El" = (27L>2 E+M+C
Vi =4qo = COSZL - 2 2q,L* X -
83 = —V(L) = ﬁ(ﬂ - 24)

2q,L° (These results agree with Case 10, Table G-1.)

B.C.2 ENV'=M EN'(L)=0 .. C= -

AN Lx*  2q,L*x
EIN' = q0<*> sinﬂ + DX 2B + G;
™ 2L T T
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Problem 9.4-6 A cantilever beam AB is subjected to a parabolically varying Y
load of intensity ¢ = g,(L* — x?)/L?, where g, is the maximum intensity of L2 —x2
the load (see figure). 4o 1=490 ~2

Derive the equation of the deflection curve, and then determine the
deflection &, and angle of rotation 6, at the free end. Use the fourth-order
differential equation of the deflection curve (the load equation). N

A B
L !
Solution 9.4-6 Cantilever beam (parabolic load)
LoAD EQUATION (EQ. 9-12 ¢) B.C.3 Vv'(0) = C3 =0
3 2.2
- — 90 2 2 _ 90 <L2 4 ) 490 Lx qOL X
Eh" = —q=——(L"— Elv=-—2(E2 % )4 — + C
s ey Y 24 360) 9 8 ¢
3
EN" = —%(sz - %) e BCA W) =0 - C=0
2
240l IO (45LE - 401 + 1512 — i) +—
BC.1 EN" =V ER"(L)=0 .. C/= - 360 L°El
Qo (L’x*  x*\ | 2q0L 19¢,L*
" — - 6 = — L = —
Bl L2<2 12)+ 3 VTG 0= D =560 m
2 r_ __GoX 4 3 22 4
BC.2 EB' =M EN'(L)=0 - C,= _qc;L V= =g (1L T 2007 + 1012 —
G (L% N qlX gl 0= —v(1) =L —
0 =—v
Eh' = — = - +C
Y L2< 6 60> 3 g 0 ISE1
. . . 4q0x

Problem 9.4-7 A beam on simple supports is subjected to a g="2 L=
parabolically distributed load of intensity g = 4¢,x(L — x) 12, y
where g, is the maximum intensity of the load (see figure).

Derive the equation of the deflection curve, and then B
determine the maximum deflection & . Use the fourth- Ar = x
order differential equation of the deflection curve (the load
equation). .

L !
Solution 9.4-7 Single beam (parabolic load) ;
L k
LoAD EQUATION (EQ. 9-12 ¢) B.C.3 (Symmetry) v1<5> =0 - Cy= _11;1(;
nmo_— — 4q0 4 O 2
ENV™ = —q = ; (L—x)= IE (Lx — x7) 90 50°%° x°
L Elv=— 2<L5x——+Lx5——>+C4
30L 3 3
EN" = —— (3L —2x) + C
Y 3L2( )G BC.4 v0)=0 ~C,=0
" 9o 3 4 _ 9oX 5 3.2 4
=—— -+ Cx+ = - 3L =50 +3Lx* — x°)
Elv 312 (2Lx )+ Cix+ G, v 90L2EI( X )
L\ 6lgl’
BC.1 E'=M EN"(0)=0 .. C,=0 Smax=—<f>= D
Y Vi) 2= 0l "\2) " 5760E1
" _ . _ gL
B.C.2 ENV"(L)=0 ..CI—T

El' =

3OL2 (—=5SL3%* + 5Lx* — 2x°) + G4
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Problem 9.4-8 Derive the equation of the deflection curve for a
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simple beam AB carrying a triangularly distributed load of maximum y 7
intensity g, (see figure). Also, determine the maximum deflection §
of the beam. Use the fourth-order differential equation of the deflection
curve (the load equation). A [ | B x
oxorex
L !
Solution 9.4-8 Simple beam (triangular load)
3
LoAD EQUATION (EQ. 9-12 ¢) BC.4 Wl)=0 . C= _TaL
Gox G ¥ 360
En" =—q=—- EDN" =— + C, qoX 4 - 4
L 2L v=— (7L — 10L°x” + 3x*) ¢
3 360 LEI
B = -1y cp g, V= =T 30022 + 158%)
L 360 LEI
BC. 1 EN" =M EN"(0)=0 ..C,=0 MAXIMUM DEFLECTION
B.C.2 EN'(L)=0 . C = % Setv' =0 and sg)lve for x:
. ) X = L2<1 -, /*) x; = 0.51933L
[PV (AN (12 e 15
Co24L 0 12 ’ L' /5 2 8\
6max: _V()Cl) = 1o <7+*_ 7) D
9o xs qo L_x3 225EI\3 3 15
Elv=— 120L + 36 + Cyx+ Cy 4
= 00065222 +—
El
BC.3v0)=0 .C,=0 (These results agree with Case 11, Table G-2.)
Problem 9.4-9 Derive the equations of the deflection curve for an Y q
overhanging beam ABC subjected to a uniform load of intensity ¢ B
acting on the overhang (see figure). Also, obtain formulas for the Al =< x
deflection & . and angle of rotation 6 . at the end of the overhang.
Use the fourth-order differential equation of the deflection curve I
(the load equation). L } 2
Solution 9.4-9 Beam with an overhang
3L 9qL?
LoAD EQUATION (EQ. 9-12 ¢) BC. 3 EL' =M EIV”<7> =0 . C=-— ‘18
EN" =—qg=0 O=x=1L) . ,
EL" = Cl (O =x=1L) B.C. 4 EIl(v )Left = EI(v )Right atx =L
ENV"=Cix+ G O=x=1I) 1> 3qL> 9qL? L
" " C]L = 1 + 9 - 4 C] = _qi
B.C.1 EN"=M EN'(0)=0 ..C,=0 2 2 8 8
nn 3L ! qlJXZ
EN" = —¢q <LSx57> EIV:—?‘FCS O=x=1L)
3L ¥ 3qLx*  9gL’x
EW" = —gx+ C (LS s—) =4 -
v gx + C3 x=- Elv PR 5 Cs
3L 3qL 3L
B.C.2 ENV" =V Elv”’<7> =0 C;= % <L =x= 7)

2
X 3glx 3L
Eh" = _LZ + 7q2 +C, (L =x= >




564 CHAPTER 9 Deflections of Beams

4
BC.S (V)ren = (V)pige atx =L e 8v(L) =0 for L=x=-F . ¢ = _TaL
5 2 48
.=, + 24k (a)
= e a Lx
T 48 y= T 22 0=x=L) <+
gLy 48 EI
Elv=—"——+Csx+C;, 0=x=1L) L—x
48 7 po —IETD) s l0Le — 28—
48 EI
BC.6v0)=0 ..C, =0 3L
= =< —
T WD =0 for 0=x=1 - Co=E <L_x_2>
B.C. v = or U=x= . =
>o48 3L\ llgl*
3 se= (%) - —
qL 2 384 El
From Eq.(a): C4=— 3
2 (3L _ gL
4 3 2.2 3 Oc=—v <7> = -
gx"  3qlx’ 9qgL°x* qL’x 2 16 EI
EIV = + - + + C8
24 12 16 2
(£=x=5)
L=x=—
2
. . . 90
Problem 9.4-10 Derive the equations of the deflection curve for a y
simple beam AB supporting a triangularly distributed load of maximum c
intensity g, acting on the right-hand half of the beam (see figure). Also, AT jB X
determine the angles of rotation 6, and 6, at the ends and the deflection
0 at the midpoint. Use the fourth-order differential equation of the ‘
deflection curve (the load equation). | % i % l
Solution 9.4-10 Simple beam (triangular load)
Lx3 4 2
LOAD EQUATION (EQ. 9-12 ¢) El' = @<7 - L) +C (i) +Cx+C
L L\e 12/ 7\2 ‘ !
Left-hand half (part AC): 0 = x = 5 qo/Lx* X X3 X2
=) e(T)raf) e
| ' L<24 60) o) Folg) T T s
Right-hand half (part CB): 5 =x=1L
BOUNDARY CONDITIONS
PARTAC ¢ =10 L
B.C. 1 ENV" =V EIWV")yc = EIWV")ge atx=—
EN" =—q=0 EN" =C, 2

2
EM' =C,x+C, EI' =C, (%) +Cx+ G
.x3 .x2
Elv=C, (*) + C2<f> + CGx+ C,
6 2
PART CB ¢ = %m ~ 1)
En" = —q = %(L — 2x)
m __ qO 2
Elv —Z(Lx—x ) + Cs

Lx2 3
Eh" = @<— 2

I 2 §>+C5X+C6

qoL
Ci—Cs==~ (1)
B.C.2 EN' =M EN"(0)=0
C,=0 )
L2
B.C.3 EN(L)=0 CsL+Cy= —q°6 3)
L
B.C.4 (ENV")p,c = (ED")¢p forx= 5
%Lz
C\L—CsL—2C,= (4)
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L L
B.C.5 (WV)ac= (v')¢p forx= 5 DEFLECTION CURVE FOR PART AC (O =x= E)
L’ - _ qoLx 2 _ 2
L +8C; = GIP = 4GL=8C; =1 (5) V= 530 T A0 T
qoL
BC.6v(0)=0 C,=0 6 "= 3707 — 120x°
(0) 4 © v 5760EI( X°)
B.C. 7v(L) =0 37qoL3
4 0= —v'(0)= —
3 ) _ 3q0L 5760 EI
CsL° +3C4L° + 6C;L + 6Cy = — (7
20 L 3qL*
se=-+()- -
2 1280 EI

Sl

B.C.8 (V) = (V)p for x=

L
C1L3 + 24C3L _ CSL3 _ 6C6L2 _ 24C7L _ 48Cs DEFLECTION CURVE FOR PART CB <5 =x= L>

_ 4ol ®) v=——T 12371 —402) + 32— L]
10 5760 LEI
SoLvE EQs. (1) THROUGH (B): %
P 2 2 _ 2y 4 _ T4
_ql - - 37, L3 v 5760 LEI [L7(37L° — 120x°) + 30(2x — L)"]
Cl - C2 - 0 C3 - -
24 5760 53¢, L
2 0, =Vv'(L) = 0 D
c—0 = 0L o _ L ? 5760EI
4 ’ 24 % 24
_ 67qL* gl
75760 P 1920

Substitute constants into equations for v and v'.
Method of Superposition
The problems for Section 9.5 are to be solved by the method of
superposition. All beams have constant flexural rigidity EIL P P

A
Problem 9.5-1 A cantilever beam AB carries three equally spaced |
concentrated loads, as shown in the figure. Obtain formulas for the
angle of rotation 6, and deflection &, at the free end of the beam. L | L | L
3 3 3
Solution 9.5-1 Cantilever beam with 3 loads , ,
Table G-1, Cases 4 and 5 p(é) p(%)
5y =— (3.-5)+ . (3 —2L)+PL2
P<L>2 P<2L>2 b 6El 3 6 El 3) 3EI
3 3 PL*> 7PL? 3
03 = + i — SPL -—

2EI 2E  2EI 9EI Y
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Problem 9.5-2 A simple beam AB supports five equally spaced loads
P P P P P

P (see figure).
(a) Determine the deflection &, at the midpoint of the beam.

(b) If the same total load (5P) is distributed as a uniform load
on the beam, what is the deflection &, at the midpoint?
AA‘
6

AE

(c) Calculate the ratio of 6, to 8.

Solution 9.5-2 Simple beam with 5 loads
(b) Table G-2, Case 1 gL = 5P

(a) Table G-2, Cases 4 and 6
4 3
S5qL"  25PL

L
Ao T
61 ., (L 384El  384EI
8 =——|3L2—4(—) |+
24EI 6 8, 11 /384 88
L © 3=t )= = 1173
P(f) 5, 144\25) 75
3)[ .., (LV] ., pL
——| 3L —4(—) +
24EI 3 48 EI
3
_uer
144 EI

Problem 9.5-3 The cantilever beam AB shown in the figure has an extension L
BCD attached to its free end. A force P acts at the end of the extension. A B
(a) Find the ratio a/L so that the vertical deflection of point B will be zero.
(b) Find the ratio a/L so that the angle of rotation at point B will be zero. D
C
<« —>
P
Solution 9.5-3 Cantilever beam with extension
Table G-1, Cases 4 and 6
i PL* Pal’® a 2
6 = — = O _—= <
a B > Pa @ % =3 " ol L 3
‘ PL*> PaL 1
k | (b) Op="-—— =0 F=—
2EI El L 2




Problem 9.5-4 Beam ACB hangs from two springs, as shown
in the figure. The springs have stiffnesses k; and k, and the beam
has flexural rigidity ET.

What is the downward displacement of point C, which
is at the midpoint of the beam, when the load P is applied?

Data for the structure are as follows: P = 8.0 kN,
L =1.8m, EI = 216 kN-m?, k, = 250 kN/m, and
k, = 160 kN/m.

Solution 9.5-4 Beam hanging from springs

P =80kN L=18m
EI =216 kN - m? k, = 250 kN/m
k, = 160 kN/m
Stretch of springs:
P/2 P2
dp=— Op=—
ky ka

Table G-2, Case 4
PL> 1/P2 P12
o= 2L (P2, Py
ky k>

O 48EI 2

PL} P<1 1>
=—+—(—+—) o—
48EI  4\k, K,
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’<7L=1.8m*>

ky = 250 kN/m k = 160 kKN/m

Al . M B

Substitute numerical values:
_ (8.0KkN)(1.8 m)?
€ 48216 kN - m?)
8.0 kN( 1 N 1 >
4 250 kN/m 160 kN/m

=45 mm + 20.5 mm
=25mm <—

Problem 9.5-5 What must be the equation y = f(x) of the axis

of the slightly curved beam AB (see figure) before the load is applied 3
A R'

in order that the load P, moving along the bar, always stays at the

same level?

Solution 9.5-5 Slightly curved beam

Let x = distance to load P
6 = downward deflection at load P

Table G-2, Case 5:

P(L-x)x ) ) Px* (L — x)?
= T (L — _ A S T
ol LT (Em0T ol 3LEI

Initial upward displacement of the beam must equal &.
_ Px* (L — x)?
3LEI

pra—
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Problem 9.5-6 Determine the angle of rotation 6, and deflection &, at

the free end of a cantilever beam AB having a uniform load of intensity ¢ 1
acting over the middle third of its length (see figure). A jB
L L L J
3 T 3 T 3
Solution 9.5-6 Cantilever beam (partial uniform load)
q = intensity of uniform load SUPERPOSITION: Original load = Load No. 1 minus
Original load on the beam: Load No. 2
q Table G-1, Case 2
A B o _q<2L>3 _q<L>3 _Tal’
= PU6EIN3 ) 6EI\3)  162EI
2LY 2L 1\ L
L L LJ 0= 5ae ) (4 =T )~ 5= (5) (42 -5)
3 3 3 24EI\ 3 3 24EI\3 3
4
Load No. 1: = 239L —
648E1
B
|
e 1o
3 r3
Load No. 2:
B
= |
L 2L
3 3 !
. . . 35 k-in. 25k
Problem 9.5-7 The cantilever beam ACB shown in the figure
has flexural rigidity EI = 2.1 X 10° k-in.? Calculate the downward —
deflections & - and &, at points C and B, respectively, due to the A Cc B
simultaneous action of the moment of 35 k-in. applied at point C . .
and the concentrated load of 2.5 k applied at the free end B. 48 in. \ 48 in. \
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Solution 9.5-7 Cantilever beam (two loads)

M, P 5. — _M< _ £> rL’
i 2EI 2)  3EI
D |
Y + 3EI (+ = downward deflection)
Ly Ly,
El = 2.1 % 106 kein.2 SUBSTITUTE NUMERICAL VALUES:
M, = 35 k-in. 8, = —0.01920 in. + 0.10971 in.
P=25k = 0.0905 in. *—
L =96 in. 8, = —0.05760 in. + 0.35109 in.
Table G-1, Cases 4.6, and 7 =0293in.
My(L/2)*  P(L/2)* L
By = — o(L/2) N ( )(L_7>
2EI 6EI 2
M,L*  5PL? _
= - + (+ = downward deflection)
8EI  48EI

Problem 9.5-8 A beam ABCD consisting of a simple span BD and an % L_ ) L 2L
overhang AB is loaded by a force P acting at the end of the bracket CEF [ 2 [ 3 ] 3
(see figure). A B C

(a) Determine the deflection &, at the end of the overhang.
(b) Under what conditions is this deflection upward? Under what
conditions is it downward? F E

(a) DEFLECTION AT THE END OF THE OVERHANG

P
2
M, 5 =0<£>: PL oL —9a)
J ‘ 2= 005) " 3 Er @)
B C D (+ = upward deflection)
L 2L XTT
3 3 | L. a _10
‘ I (b) Deflection is upward when I < ? and
Consider part BD of the beam. downward when LS 19 —
M, = Pa L9
Table G-2, Cases 5 and 9
_ P (L/3)(2L/3)(5L/3)
b 6LEI
P L 5
+ = 6(—) - 3(—) — 212
6LEI 3 9
PL

16 2EI(10L 9a) ( clockwise angle)
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P
Problem 9.5-9 A horizontal load P acts at end C of the bracket ABC ¢
shown in the figure.
(a) Determine the deflection 8 . of point C. B H
(b) Determine the maximum upward deflection 8 of member AB. A
Note: Assume that the flexural rigidity EI is constant throughout the
frame. Also, disregard the effects of axial deformations and consider only
the effects of bending due to the load P. .
Solution 9.5-9 Bracket ABC
Beam AB (a) ARm BC Table G-1, Case 4
PH? PH® PH’L
M, = PH Sc=—-t+6H=—"1+
0 € 31 " 3EI  3EI
S max PH?
ﬂ Mo=PH =g T T
(b) MAXIMUM DEFLECTION OF BEAM AB
M,L*  PHIL?
L *J Table G-2, Case 7:  Opox = = -
9V3EI 9V3EI
MyL PHL
Table G-2,Case 7: Op=——"=——
3EI 3EI
: - A B c
Problem 9.5-10 A beam ABC having flexural rigidity EI = 75 kN-m?> )
is loaded by a force P = 800 N at end C and tied down at end A by a
wire having axial rigidity EA = 900 kN (see figure). 0.5m J P=800N
What is the deflection at point C when the load P is applied? l 0.5 m—s—— 075 m——]
D
Solution 9.5-10 Beam tied down by a wire
p CONSIDER AB AS A SIMPLE BEAM
A B C _
| M, = PL,
MyL, PL,L
Ly Ly Table G-2, Case 7: 0 = — >t =—r—
H alemn be U T e T 3E
_|D CONSIDER THE STRETCHING OF WIRE AD
— . H PL H PL,H
El'=75kN - m? 0,4 = (Force in AD) <7> = <72><7> =2
P =2800N EA L, /\EA EAL,
EA =900 kN D 5 c
H=05m L, =05m EFLECTION 8 . OF POINT
L,=0.75m L,
8c=0¢ + 05 (L) + 6, (—)
CONSIDER BC AS A CANTILEVER BEAM Ly
3 2 2
PL3 _PL PLL3 PLH
Table G-1, Case 4: o, = E 3EI 3EI EAL%

SUBSTITUTE NUMERICAL VALUES:

8, = 1.50 mm + 1.00 mm + 1.00 mm = 3.50 mm +—




